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PACS. 82.70.Dd  Colloids.
PACS. 82.35.Rs  Polyeletrolytes.
PACS. 82.45.Gj  Eletrolytes.
Abstrat.  We investigate the modiations brought about by the linear onnetivity among
harges in the lassial Thomson problem. Instead of paking with loal hexagonal order inter-
spered with topologial defets, we nd harge distributions with helial symmetry wound around
the surfae of the sphere. This nding should have reperussions in the viral paking and maroion
adsorption theories.
Introdution.  Eletrostatis an be very unintuitive and an lead to quite unexpeted
features in a variety of physial, hemial and biologial ontexts [1℄. The problem of paking
harges on a sphere, generally referred to as the Thomson problem [2℄, has reently reeived a
lot of attention and has been analysed via detailed diret numerial evaluation [3℄ as well as via
approximate analytial theories [4℄. What is lear is that for large enough number of harges the
smallest eletrostati energy ongurations have paking with loal hexagonal order interspered
with topologial defets [4℄. A possible question here is: what happens if one linearly onnets
the harges and thus onsiders a linearly onneted Thomson problem.
The linearly onneted Thomson problem should be diretly relevant for paking or adsorption
of polyeletrolytes, i.e. harged polymers, on or to spherial surfaes. Adsorption of polyele-
trolytes to spheres has been extensively simulated in the ontext of polyeletrolyte - maroion
interations in olloid physis [5℄. Various ongurations of adsorbed polyeletrolytes are seen,
depending on the interation parameters and the stiness of the hain. Though they all or-
respond in one sense or another to a free energy minimisation as in the ase of histone - DNA
interations [6℄, the phase spae is simply too big in order to attempt some kind of systemati
lassiation of shapes of the adsorbed polyeletrolyte hains. An "inverted" problem to the one
just desribed is represented by the investigations of the nature of paking of DNA inside small
bateriophage apsids that has reently reeived a lot of attention sine the nature of paking of
DNA inside the apsid determines the ejetion fore that an be measured diretly [7℄. The only
general and onsistent onlusion stemming from these studies seems to be that DNA lose to
the apsid wall is more ordered than deep within the apsid. Reent ryomirosopy on epsilon15
bateriophage [8℄ gives ample experimental support for this type of order gradient within the
viral apsid. At small paking frations, where most or indeed all of DNA is expelled towards
the inner surfae of the apsid, the paking problem is diretly related to the linearly onneted
Thomson problem.
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Fig. 1  This Figure illustrates the geometry used in this paper. Three harges labelled A, B and C lie
on a surfae of the sphere, whose entre is at Q. Point P is suh that AP and PC are perpendiular to
the line QB. The angles αi used in this work orrespond to pi − 〈APC.
In order to shed some light onto paking of onneted objets into onned spaes with
spherial topology, we performed zero-temperature numerial investigations of the onneted-
harges Thomson eet. Apart from the fundamental signiane of this problem [2℄ it ould
also be seen as a model of polyeletrolyte paking either on the outside or the inside of a sphere
in the ases where the entropy of the hain an be negleted.
Model.  Our model system is omposed of N +1 elementary harges onneted by N rigid
bonds of length ℓ on a unit 3D sphere. Eah rod subtends and angle φ = 2 sin−1(ℓ/2) with the
entre of the sphere. The position of the harges are given by N + 1 vetors xi (i = 1...N + 1),
satisfying |xi| = 1 and |xi−xi−1| = ℓ. These onstraints redue the number of degrees of freedom
to N + 2. Imposing rotational invariane further restrits the system to just N − 1 degrees of
freedom. The total length of the hain is L = Nφ. The Coulomb energy of this system is given
by
E(L) =
N∑
i,j>i
1
|xi − xj |
(1)
It is useful for omparison to divide this value by the minimum energy the hain would have if
it was not onstrained to lie on a sphere. In that ase, the minimum energy onguration would
be a ompletely straight hain, whose energy is given by
E0(L) =
N∑
i,j>i
1
(j − i)ℓ
=
1
ℓ
(Ψ(N + 1) +N(γ − 1)) , (2)
where Ψ is the standard digamma funtion and γ is the Euler's onstant.
In the limit of large N , the minimal energy of an unonstrained Coulomb hain redues to
E0(L) ∼
1
ℓ
N logN (3)
This has a fairly obvious explanation: for a long enough hain, most of the potential energy
omes from the nearest neighbour interations and therefore sales as N , while the Coulomb
interations between more remote harges ontribute only logarithmially in N . This result is a
signature of a ompletely extended Coulomb hain.
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Fig. 2  This gure shows the redued potential energy as a funtion of the total hain length L for
the four ases onsidered here: φ = pi/4 (top), pi/10, pi/20, pi/40 (bottom). Solid line orresponds to the
annealing in terms of αi, while the dotted thik line orresponds to annealing in terms of βi. For large
values of N , the omputations beome prohibitively expensive.
We dene the redued potential energy by
P (L) =
E(L)
E0(L)
, (4)
whih measures the ratio between the Coulomb self-energy of a onstrained and ompletely
extended hain.
A natural desription of this system is by N−1 angles γi subtended between rigid rods linking
i− 1th, ith and i+1th harge, i.e. cos γi = (xi − xi−1) · (xi+1 −xi). However, by projeting the
mid-point down to the plane perpendiular to xi and going through xi−1 and xi+1 one arrives
to a mathematially more onvenient desription in terms of the angles αi. We will dene N − 1
angles αi as
cosαi = (cosφxi − xi−1) · (xi+1 − cosφxi). (5)
The geometry of this hoie of variables is illustrated on Figure 1.
Using straightforward geometry one an show that
xi+1 = cosφxi + fi cosαi + pi sinαi, (6)
with
fi = xi cosφ− xi−1 (7)
and
pi = xi×fi (8)
By onstrution xi+1 lies on a sphere if both xi−1 and xi lie on a sphere. An αi = 0 onguration
orresponds to a linear, ompletely extended hain, while αi = onst. 6= 0 onguration results
in harges being distributed along an ar on a spherial surfae.
We will also use N−1 oeients βi that an be derived simply from a polynomial expansion
of αi around the midpoint of the hain and are dened by
αi =
∑
j=1...N−1
βj
(
i−N/2
N/2
)j−1
. (9)
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Fig. 3  Typial minimum energy ongurations for harges on a unit sphere. The l.h.s. orresponds to
a typial solutions obtained with αi minimisation, while the r.h.s. is one obtained by βi minimisation.
Both are very similar (within better than 0.1%) in terms of the atual energy.
Desription of the hain by βi or αi is only a matter of onveniene.
Sa and Kuijlaars [10℄ have shown that the "general spiral set" an be used to generate
uniformly distributed points on a sphere. Their formalism an not however be diretly applied
to our problem, sine the xed links onstrain the system further. Though we are not onerned
expliitly with uniform distributions of points on a sphere, one an, nevertheless, reasonably
expet that the minimal solution for the Thomson problem in the onstrained ase will exhibit
helial behaviour. This is a hypothesis that we will try to investigate.
In order to set the terms of disussion, we reall the equation of a helix on a ylinder as
given by z = ct and φ = t. This an be generalised to a helix on a surfae of a sphere by either
identifying z with cos θ or θ. We will denote the rst ase as embedded helix:
θ = cos−1(ct)
φ = t (10)
and the seond one as spherial helix:
θ = ct
φ = t, (11)
where θ and φ are the ordinary spherial oordinates.
Results.  We have programmed software that nds the minimum energy onguration
using two methods, working in either αi spae or βi spae.
In the rst ase we anneal by angles αi using a version of geneti algorithm used in [9℄ for a
lassial Thomson problem. We start with a population of P parents. We reate P (P − 1)/2
o-springs by taking rst N/2 αi values from the rst parent and the remaining αjs from the
seond parent for all possible ombinations of parents. We then use a simple numerial minimiser
(downhill simplex) to nd the loal potential energy minimum orresponding to eah parent. The
best P solutions are kept and the proess is repeated until a satisfatory onvergene is reahed.
We typially work with 12 initial parents and 8 generations.
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Fig. 4  This gure shows the dierene in redued potential energy P between solutions found by full
numerial minimisation and those found by onstraining harges to lie on either embedded helix (solid)
or spherial helix (dashed). Lines were oset vertially by i×0.1 and orrespond the four ases onsidered
here: φ = pi/4 (top), pi/10, pi/20, pi/40 (bottom). The dotted lines represent the zero dierene value.
For large values of N , the omputations beome prohibitively expensive.
In the seond ase we nd the best solution by minimising the energy expressed in terms of
parameters βi. Geneti algorithm is not useful here as eah βi aets the entire hain and so
good loal features annot be preserved. However, it is an extremely good spae for optimisation
and thus nds a good solution very quikly. After trying several options we have settled with an
annealing algorithm that is a series of linear minimisers in randomly hosen parameters where
the solution is assumed to be braketed around the last optimal point and the width of the
braket is deaying exponentially until a desired onvergene is reahed. We typially try ∼ 200
dierent starting positions and then hoose the best.
Finally, we have also minimised the energy of the system, whose harges are additionally
onstrained to lie on either embedded or spherial helix. Sine this is a one-parameter model,
the straight numerial minimiser performs satisfatorily. The purpose of this exerise was to
hek how well the true minimal onguration an be approximated by either helix.
We have run the minimiser with four values of φ: π/4, π/10, π/20 and π/40 and for values
of L ranging between π/2 and 10π.
In Figure 2 we plot P (L) as a funtion of the total hain length. It is immediately lear that
both annealing proedures lead to stable solutions that are very similar in terms of energies for
large enough values of the length of the hain. The well disernible minimum in the P (L) is easy
to understand as follows: the energy E0(L) is dominated by the nearest-neighbour ontribution
to the overall potential. The penalty payed by onstraining the hain to lie on a sphere omes
primarily from the bending of the hain. However, when L & π, the E(L) reeives another
ontribution from interation between harges that lie far apart on the hain but a fored to lie
lose in physial oordinates due to wrapping of the hain around the sphere. Therefore, one an
expet a minimum in P at around L/π ∼ 1 and this is exatly what we observe. However, we
note that for a long enough hain, the redued potential energy begins to sale nearly linearly
with the hain length.
Naively, one would expet that the energy of the eletrons on the hain wrapped on a sphere
would sale with N roughly asN2 and so the redued potential energy P should sale as N/ logN
for large N . Our data do not extend high enough in N to disriminate unequivoally between
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linear and N/ logN saling, though the latter indeed provides a marginally better t to the data.
Interestingly enough, this is the true even for ases when values of E0 have not yet reahed the
N logN saling.
We also note, that although very similar in energy, the solutions found by the βi annealing
proedure are always helial, while the solutions in terms of the αi annealing proedure are, for
large enough N , ongurations that are loally (on a sphere, not along the hain) helial but are
irregular on large sales. This is illustrated in the Fig. 3. What we are likely seeing is a plethora
of metastable ongurations with nearly minimal energy, similar to those found for a lassial
Thomson problem. This is supported by two observations: rstly, making minimiser onvergene
riteria stronger does not improve these solutions, implying that they are indeed meta-stable
and seondly, all nal generation solutions in the geneti algorithm have very similar energies
(to within a few pro-miles) and are dierent on runs with dierent random seeds, implying
that the family of those solutions is quite large. These nearly minimal ongurations are never
found by the βi annealing as this would require a oherent tuning of several βi oeients to
ahieve a preferred loal behaviour. The existene of a large number of these nearly minimal
ongurations also implies that unless a spei mehanism is in plae, the hain is very likely
to land in a omplex nearly-perfet meta-stable state rather than the helial struture with
long-sale ordering.
Next let us disuss the solutions whih ome from onstraining the harges to lie on either
of the two helies dened in Eqs. (11) and (10). Results are plotted in the Figure 4. It an be
seen that for hains with φ . π, the spherial helix is an inreasingly better approximation to
the true minimum for large enough L. It thus appears that we are able to onstrut expliitly
those ongurations that are lose to optimal. This onrms our expetations based on the
"generalised spiral set" of Sa and Kuijlaars [10℄ that solutions with helial symmetry should
desribe minimal energy states for the onneted-harges Thomson problem.
Conlusions.  In this paper we have analysed the onneted-harges Thomson problem by
brute-fore numerial minimisation of the potential energy. The problem is ompletely speied
by two parameters: L, the total length of the hain, and φ = L/N , that denes the inter-harge
separation. Note that the links between the harges are inextensible.
We have found that for all ases onsidered, the redued potential energy has a minimum at
L/π ∼ 1 and sales asN orN logN (the range ofNs investigated does not extend to large enough
N so that one ould dierentiate between the two saling forms). This implies furthermore that
the potential energy of the hain sales as N2 for large N as expeted from standard arguments.
However, the relation is true even for N that are so low that E0(N) has not reahed the N logN
saling yet.
We have heuristially attempted to model the minimum energy onguration with a helix
on a sphere. We have found that the ylindrial helix projeted onto a sphere by a simple
transformation z → θ, thus reating a spherial helix, leads to harge ongurations that seem
to be very lose to the numerially obtained minimum for L & π and φ ≪ 1. The solution is
likely to ontinue in suh manner until the distane between points that are far apart along the
helix but lose in real spae beomes important. This would result in a frustrated helix that
might hide new and exiting phenomenology. Unfortunately, the presently available omputers
do not reah the omputational power neessary to answer this question, at least not with the
methods provided in this paper.
What is the physial relevane of our results? Adsorption of exible polyeletrolytes onto
spherial maroions (olloidal interations) and ongurations of polyeletrolytes within spherial
avities (viral paking) both belong to the type of problems whih have been analysed in this
paper on their bare bones level. Though in general the ongurations of real polyeletrolyte hains
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depend on many parameters and are diult to lassify [11℄, our analysis provides an asymptoti
limiting onguration that should be disernible in the ase where adsorption interation onto a
spherial maroion is strong enough, or the repulsive interations along the hain in a spherial
avity are suiently long-ranged. An espeially beautiful illustration of our theory is provided
by reent eluidation of the DNA paking inside the epsilon15 apsid [8℄ that shows tight helial
winding on the outer boundary and the progressive loosening of the orientational order as one
moves away from the boundary towards the interior of the apsid.
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